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ABSTRACT 

We study d = 2, N = (2, 2) non-linear cr-models in (2, 2) superspace. By an- 
alyzing the most general constraints on a superfield, we show that through an 
\ appropriate choice of coordinates, there are no other superfields than chiral, 

twisted chiral and semi-chiral ones. We study the resulting cr-models and we 
speculate on the possibility that all (2, 2) non-linear cr-models can be described 
using these fields. We apply the results to two examples: the SU (2) x ?7(1) and 
the SU(2) x SU(2) WZW model. Pending upon the choice of complex struc- 
■ tures, the former can be described in terms of either one semi-chiral multiplet 

or a chiral and a twisted chiral multiplet. The latter is formulated in terms of 
one semi-chiral and one twisted chiral multiplet. For both cases we obtain the 
potential explicitely. 



1. Introduction 



Supersymmetric non-linear cr-models, in particular those with two or more super- 
symmetries, are building blocks for stringtheories. In |flj torsion free supersymmetric 



non-linear cr-models were studied and this resulted in a full classification of models 
within this class: N = 1 is always possible, N = 2 is in one-to-one correspondence 
with the target manifold being Kahler, N = 3 implies N = 4, N = 4 requires the 
target manifold to be hyper-Kahler and > 4 is not possible. Later [TJ], cr-models 
which do have torsion were studied but, except for the fact that N = 1 is always 
possible, no general classification has been given. In a subclass of torsionful cr- 
models were studied: the Wess-Zumino-Witten models, where the targetmanifold is a 
semi-simple Lie groupmanifold. There the classification of extended supersymmetries 
has been done: again < 4 and N = 2 is possible on all even-dimensional groups, 
N = 3^-N = 4, N = 4is only possible on those groups which could be decomposed 
as "products" of Wolf spaces. 

A second problem arises when one considers supersymmetry transformations of 
both chiralities, where one finds that the supersymmetry algebra closes only on-shell. 
Finding auxiliary fields such that the supersymmetry algebra closes off-shell, i.e. gets 
realized in a model independent way, is equivalent to finding a superspace formulation 
for these models. Both the iV = (1, 1) and iV = (2, 1), M, cases are easily solved in 
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their full generality while for torsionful models with N > (2, 2) this remains largely 
unsolved. Having an extended superspace description of these models yields various 
simplifications and applications. The geometry becomes transparant and duality 
transformations can be performed which keep the extended supersymmetry manifest 

In this paper we study the N = (2, 2) case. The action in (2, 2) superspace is just 
the integral of a potential, so in this way one might get a handle on the geometry 
of TV = (2, 2) supersymmetric non-linear cr-models. As the lagrange density is a 
potential, the dynamics is now also determined by the choice of superfields. Till 
now several types of superfields were discovered. The simplest case corresponds to 
models formulated solely in terms of chiral fields. These cr-models are Kahler. A 
generalization thereof is obtained by using both chiral and twisted chiral superfields 
0. The resulting model is then a mild generalization of the Kahler case. These 
models do have torsion. A last type of superfields are the semi-chiral fields || . Though 
discovered several years ago, they have barely been studied. As will become clear in 
this paper, models which include semi-chiral superfields represent a radical departure 
of the two previously mentioned types of cr-models. 

In this paper we show by analyzing the most general constraints one can impose 
on superfields, that the previously mentioned three types of fields is all there is. 
Subsequently we study the most general model and provide several arguments which 
support the hope that all N = (2, 2) non-linear cr-models can be described using these 
fields. Finally we give two explicit examples: ££7(2) x £7(1) and ££7(2) x ££7(2), the 
former being described either by a single semi-chiral multiplet or by a chiral and a 
twisted chiral multiplet and the latter by one semi-chiral and one chiral multiplet. 

2. Supersymmetric non-linear cr-models 

Omitting the dilaton term, a general supersymmetric non-linear cr-model in N = 
(1,1) superspace is given by! 

S = J d 2 xd 2 9 (g ab + b ab ) D<t> a D<t>\ (2.1) 

The metric on the target manifold is g ab while b ab = —b ba is a potential for the torsion 
T, 

T a bc = ~g ad b [bcA . (2.2) 
The equations of motion follow from eq. (|2.1| ): 

DD(f) a + T a _ cb D(f) b D(j) c = 0, (2.3) 
where we used one of the two natural connections r±: 

T a ±bc = { £ } ± T\ c , (2.4) 
2 We take D = ^ + dd and D = ^ + SB, with d = £ and B = J=. 
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the first term being the standard Levi-Cevita connection. The action is invariant 
under the supersymmetry transformations 



+ eQ<p\ (2.5) 
where 

Q=-^-od, Q = -^-oB. (2.6) 

The commutator of two supersymmetries closes on a translation 

S 2 ] r = 2e 2 e 1 d<j) a + 2^3^. (2.7) 

A second supersymmetry is necessarily of the form 

5cj) a = r]J a b D(f) b + f]J a b D(j) b . (2.8) 

The action, eq. ( |2.1|) , is invariant under the transformations eq. (|2.8| ) provided! 

V+J a 6 = V c -J a 6 = 0, g bc J c a = -gacJ c b , g b J c a = -gaJ c b , (2.9) 

hold. One obtains the standard on-shell supersymmetry algebra, i.e. the first and the 
second supersymmetry commute, and the second supersymmetry satisfies the same 
algebra as the first, if J and J obey 

J 2 = J 2 = -1, N a bc [J, J] = N a bc [J, J] = 0, (2.10) 

with the Nijenhuis tensor, N[A, B], given by 

N a bc [A, B] = A d \ b B a c ^ d + A a d B d [ b:C ] + B d [ b A a c ^ d + B a d A [& jC ]. (2.11) 

In other words the model is (2, 2) supersymmetric iff. the manifold allows for two 
complex structures for both of which the metric is hermitean. Each of these com- 
plex structures is covariantly constant, however w.r.t. different connections. Note 
that though each of the complex structures is individually integrable, they are not 
necessarily simultanously integrable. 

A few more interesting formulae can be obtained. Using the constancy of the 
complex structures, we can rewrite the Nijenhuis condition as 

3T e f[ a J e b J f c ] = T abc , (2.12) 

and similarly for J. Another consequence of the constancy of the complex structures 



is: 



J[ab,c] — 2T d [ ab J c ] d , J[ab,c] ~ ~ 2T d [ afe J c ] rf , (2-13) 



5 By V we denote covariant differentiation using the T± connection. 
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which gives the exterior derivative of the two fundamental two-forms associated with 
J and J. Combining eqs. ( |2.13| ) and (|2.12|) results in an expression for the torsion in 
terms of the complex structures: 

3 3 

T a bc = -^J d aJ e bJ^ cJ[de,f] = —X^a^bJ cJ[de,f]- (2-14) 

The supersymmetry algebra is standard but for the commutator of the left-handed 
second supersymmetry with the right handed second one: 

[5(rj), = Tfij[J, J] a b(DD(j) b + T^D^Dr). (2.15) 

So as long as the left and right complex structure commute, the supersymmetry alge- 
bra closes off-shell and we expect that we can formulate the model in (2,2) superspace 
without introducing any new fields. However, if they do not commute, the super- 
symmetry algebra closes only on-shell, hence the algebra is model dependent and a 
manifest (2,2) supersymmetric formulation will require the introduction of additional 
auxiliary fields. 

Consider now the case where [J, J] = 0. In the appendix we show that N[J, J] = 
N[J, J] = imply that N[J, J] = N[J, II] = N[J, II] = N[U, U] = 0, where II = J J 
is a product structure, J7|: II 2 = 1. As was to be expected, the fact that the complex 
structures commute, guarantees that they are simultanously integrable. The product 
structure allows us to introduce projection operators: 

p± = i(i±n). (2.16) 

From 

ker [J, J] = ker(J + J) © ker(J - J), (2.17) 

we get that P + projects on ker(J + J), and P_ on ker(J — J). If we have that 
J = ±J, then it follows from eq. ( |2.13|) that the fundamental two form is closed 



and eq. ( 2.14 ) implies that the torsion vanishes: the manifold is Kahler [J]. Having 
J 7^ ±J, gives a manifold with a product structure. The subspaces obtained by the 
projection operators P± are Kahler and the manifold has torsion given by eq. (|2.14f) . 
We come back to this in the next section. Conversely, one can also show that any 
model for which [J, J] = can be described by chiral and twisted chiral fields . One 
example of a manifold which can be described by such a "twisted Kahler" geometry 
is 577(2) x U{1) §. 

3. 77 = (2, 2) superfields 

3.1. Chiral and twisted chiral superfields 

We now turn to a manifest (2, 2) supersymmetric formulation of non-linear cr-models. 
To achieve this we introduce (2, 2) superspace which conists of two fermionic di- 
rections for each chirality, hence the name. Its left-handed (right-handed) sector is 
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parametrized by the coordinates (z,8 + ,6 ) ((z,9 + ,6 )). Covariant derivatives are 
given by 

D ± = ±;+ff*d, D ± = ^+Fd. (3.1) 

Introducing 

Q± = ^-o^d- q ± = ^.-F8, (3.2) 

we get the N = (2, 2) supersymmetry transformation on a general superfield $: 

5$ = £ +g + $ + £ -q_$ + e + Q + <$> + £-g_$. (3.3) 

Passing from (1, 1) to (2,2) superspace is facilitated through the use of the original 
fermionic coordinates 9 and 9: 

9 = -L(9+ + 9-), 9=-L(9+ + 9-), (3.4) 

and the extra fermionic coordinates 

9 = ^=(9 + -9~), 9 =±=(9+ -9-). (3.5) 

In this way we get e.g. 

C = -L( C+ + C _) = | + W , 5= _L (c+ _ D _ ) = |_ ?a , p.6) 

and similarly for D and D. The supersymmetry generators are 

Q = ^(Q+ + Q-) = ^ - 09 Q = -j=(Q + - Q_) = |= + 9d, (3.7) 

and similar expressions for Q and Q. In particular one gets then that when passing 
to iV = (1, 1) superspace Q = D and Q = D. 

On dimensional grounds we know that the Lagrange density has to be a function 
of scalar fields. The dynamics is then largely determined by the superfields we use or 
said in a different way, our choice of representations. 

Starting from a set of general (2, 2) superfields $ a , a G {1, • • • , d}, we can impose 
constraints of the formi 

D<S> a = iJ a b D<S> b , (3.8) 

with J a b, some (1, 1) tensor. This eliminates half of the degrees of freedom of the 
superfields. However some integrability conditions have to be met. Computing _D 2 $ a 
using the r.h.s. of previous equation, we get: 

D 2 $ a = (J 2 ) a b d$ b + ^N a bc [J, J}D§ C D§\ (3.9) 



For given l.h.s., we get that Lorentz invariance and counting dimensions, does give eq. (3.8) as 
the most general constraint. 
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which is consistent with D 2 = —d iff. J 2 = —1 and the Nijenhuis tensor vanishes, 
hence J needs to be a complex structure. 

Additional constraints of opposite chirality can be imposed and have the form 

D$ a = % J($)VD$ 6 - (3.10) 



Writing $ a as an expansion in 9 and 9, one verifies that eqs. (|3.8| ) and ( |3.10|) elim- 



inate three of the four components of $ a , thus effectively reducing $ a to a (1, 1) 
superfield. Consistency of the constraint (|3.10|) with D = —d requires J to be a 
complex structure but {D, D} = yields additional conditions: 

{D,D}$ a = [J, J] a b DD$ a + M a bc [J, J]D$ c D$ b . (3.11) 

The (1,2) tensor M a b c [J, J] is discussed in the appendix, where we show that as 
long as [J, J] = 0, the vanishing of N[J, J] and N[J, J] implies the vanishing of 
this tensor. So imposing both constraints eqs. ( |3.8| ) and ( |3.10| ) yields an additional 
integrability condition: the two complex structures have to commute! In the previous 
section we showed that a second supersymmetry required the existence of two complex 
structures, one for each chirality. Furthermore we saw that off-shell closure of the 
algebra entails the two complex structures to commute, which implies that only in this 
case no further auxiliary fields are needed. Here we get the same result from a purely 
kinematic point of view: imposing constraints of both chiralities on a general (2, 2) 
superfield reduces the degrees of freedom of that field to those of a (1, 1) superfield but 
integrability of these constraints requires the existence of two, mutually commuting 
complex structures. 

Take now J and J two commuting complex structures. This is sufficient to obtain 
full integrability of both J and J simultanously. Then we can always find a coordinate 
transformation such that both J and J are diagonal. As the eigenvalues, ±i, of J 
and J can be combined in four different ways, we get the four basic superfields: 

1. chiral superfield: 

D§ = -D<$>, lk> = (3.12) 

2. anti-chiral superfield: 

Z)$ = B$ = (3.13) 

3. twisted chiral superfield: 

Z)$ = /5$ = +L>$. (3.14) 

4. twisted anti-chiral superfield: 

D<$> = Z)$ = (3.15) 
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From the previous, it follows that ker( J — J) corresponds to (anti-)chiral superfields 
and ker(J+ J) to twisted (anti-)chiral superfields. So we arrive at the main conclusion 
of this section: constraining both chiralities of a general (2, 2) superfield reduces the 
degrees of freedom to those of a (1,1) superfield and there is always a coordinate 
transformation such that these fields reduce to (anti-)chiral and twisted (anti-)chiral 
fields. In particular, there is no way to mimick the spectral flow at the level of fields, 
i.e. to continously interpolate between chiral and twisted chiral fields. 

Consider now a real potential K((p) which is a function of m chiral fields <p a , m 
anti-chiral fields <f) a , n twisted fields M and n twisted anti-chiral fields (fP, a, a G 
{1, • • • , m}, fi, /2 G {1, • • • , n}. Using eq. ( P-15|) , we immediately obtain the action in 
(1, 1) superspace: 

S = J d 2 zd 2 6d 2 6K(<p) 

= -2 J d 2 zd 2 9 (K a0 (D(f) a D(j) + D^D(f) a ) - K^D^Dtf + Df D^)) + 
+2 j d 2 zd 2 9 [K aP (D(f) a D(f) D - D<fD$ a ) - K^(D^D^ - D^Dft 



where 



(3.16) 



K - d2R ^ Cm 



and a, a, /3, j3 G {1, • • • , m}, [i,p,,v,i> G {1, • • • , n}. Comparing this with eq. ( |2.1| ). 
we can read off the metric g a b and the torsion potential b a b- Restricting ourselves 
to the case where either the chiral or the twisted chiral fields are absent yields the 
standard Kahler geometry. When both types of fields are present we recognize from 
the fact that only g a s and g^ are non- vanishing the product structure!. Note that the 
potential K(<j)) in the (2, 2) action eq. ( |3.16| ) is only determined modulo a generalized 
Kahler transformation: 

K(4>) ~ K{</>) + f(r, <!>") + g(<i> a , P ) + fW , <f) + g{4>*, <P). (3.18) 

Having exhausted the case where both chiralities of a general (2, 2) superfield were 
constrained, we turn in the next section to fields where only one of the chiralities gets 
constrained. 

3.2. Semi-chiral superfields 

Having a set of general superfields <f) a , a G {1, ■ • • , 2d}, we constrain only one chi- 
rality as in eq. fl3.8|) . We perform a coordinate transformation such that J becomes 
diagonal: J a /3 = id~p and J a p = —ib~%- Thus we get from eq. (|3.8| ): 

Dcf) a = D(j) a . (3.19) 



5 However, this doesn't imply that the resulting manifold can be written as the product of two 
manifolds. This would imply that e.g. g a p tfl = g a p p — g^v,a = Qfj.v,& = which is not necessarily 
true here. 
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Introduce the notation 

X a = D<p a , X* = D<j>*, (3.20) 

with a, a £ {l,---,d}. We take a real potential K(<f>) and we pass from (2,2) to 
(1, 1) superspace, 

S = J d 2 zd 2 6d 2 8K{<f)) 

= -2 J d 2 zd 2 6K a0 ( X a D^ - x^D^) . (3.21) 

We see that the x fields appear algebraically, but eliminating them through their 
equations of motion does not lead to a non-linear cr-model. So we take a set of fields 
a , a £ {1, ■ ■ ■ d} and another set 0° , a' £ {d + 1, • • • d + d'} on which we impose the 
constraints: 

D(j) a = iJ a B D(j) B , D(f) a ' = iJ a ' B D<j) B , (3.22) 
where B £ {1, • • • d + d'}. Integrability of these constraints gives the conditions: 

J a b> = J a b = 0, J a b,c> = J"" b',c = 0, (3.23) 

and J a b and J a V are complex structures. Through a coordinate transformation we 
can diagonalize these structures. A similar reasoning as at the beginning of this 
section gives that only when d = d' do we get a non-linear cr-model. Furthermore the 
fact that both J and J are complex structures requires d to be even. So one semi- 
chiral multiplet corresponds with four real dimensions. Bringing all this together 
leads to the second main result of this paper: the most general non-linear a-model 
in standard N = (2,2) superspace is formulated in terms of chiral, twisted chiral and 
semi-chiral superfields. 

We now study such a model. We take m chiral, <fi^ and anti-chiral, 0^, n twisted 
chiral M and twisted anti-chiral <fP" superfields. In addition we take d semi-chiral 
multiplets {0 a , 0", a , 0°}, with fM,p,G {l,---,m}, £ {l,---,n}, a, a, a, a £ 
{1, • • • , d}. The defining relations of the (anti-)chiral and twisted (anti-)chiral fields 
are given in eq. ( |3.12[ - pT5D and the semi-chiral fields are defined by: 



D<f) a = 


-D<p a 


k 


i) a = D(j) a 




= D<f 


k 


^ = £>0 S 


x a 


= D<p° 


k 


D0" = D(p* 


x a 


= D(f 


k 





(3.24) 

Taking an arbitrary potential K which is a function of all the previously mentioned 
fields, we get the a-model in (1, 1) superspace: 



S = J d 2 zd 2 8d 2 6K{<f)) 
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= -2 J d 2 zd 2 0[D^ c N l D^ c - D$> t N 2 D§ t - D$ c N 3 D$ t + D$ t NjD$ c } - 

J d 2 zd 2 e[x T L^ - DrfPLPDcj) - x T (Lip - PLD<j> - 2PMDr] + 
2R 3 D® C + 2R 4 D$ t ) - (x T L + Drf LP - 2D(j) T PM + 2D^R^P + 
2D<S>jRTp)ip + 2D(j) T R 1 D$ c - 2D(f) T R 2 D$ t + 2D^PSfPDr] + 
D^JPS^PDr] + Dr ] T S 1 D<!> c - Dr] T S 2 D$ t } , (3.25) 

where N 1: N 2 and N 3 are 2m x 2m, 2n x 2n and 2m x 2n matrices, 
where L, M and M are 2d x 2g? matrices 

Si, a 2c? x 2m matrix, 5 2 a 2d x 2n matrix, 

/ ^ \ / x~~ K~~ \ 

S ^ = K T K T > & = ^ , (3.28) 

and the 2g? x 2m matrices R\ and R 3 and the 2rf x 2n matrices R 2 and -R4 together 
with P: 










K r ) 















^ = ( ^1, ^ ) , P = ( J _°x J • (3-29) 
$ c and $ t are 2m x 1 and 2n x 1 matrices resp. and and 77 are 2d x 1 matrices: 

wt?v ^f^v (3.30) 



Also in this case we get that the potential is determined modulo a generalized Kahler 
transformation: 

k{4>) ~ x(0) + /(^, r, r) + g(r, <F, <f) + f(r, <F, <n + nr, <r, <n (3.31) 

One finds that the equations of motion for x an d are 

Lip = PLD(f) + 2PMDr) -2R 3 D$ c -2R 4 D<$> t , 
X T L = -Drj T LP + 2D(f) T PM -2D^R^P -2D<S>jR 2 r P. (3.32) 
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s 



Assuming that L is invertible, one solves eq. ( |3.32| ) for the auxiliary fields ip an d X- 
The action in the second order formalism is given by 

-2 J d 2 zd 2 6{D$ c N 1 D$ c - D$ t N 2 D® t - D$ c N 3 D$ t + D$ t N%D$ e } + 
J d 2 zd 2 e[Dr] T PLPD(j) - 2D<j) T R l D<$> c + 2 J D0 T R 2 i3<l>i - 2D^PSfPDr] - 
D^JPS^PDr] - Dr] T SiD<$> c + Drf S 2 M t + (Drf LP - 2D<j) T PM+ 
2D$ T c RlP + 2D^RlP) I' 1 (PLDcj) + 2PM Dr] - 2R 3 D$ C - 2R 4 D$ t ) }. 

(3.33) 



Introducing the notation 



( * \ 

V *t J 



(3.34) 



one reads off the complex structures: 



J 



t 


iP 













-2iL- 1T MP 


iL- 1T PL T 


2iL- 1T PR 1 


2iL- 1T PR 2 










iP 





\ 











iP 



J 



-%L- X PL -2%L- X PM 2iL~ 1 R 3 2iL~ l R A \ 

-iP 

iP 

-iP ) 



(3.35) 



4. iV = (2, 2) non-linear a-models 

An obvious question which now arises is whether all N = (2, 2) non-linear o- 
models can be described using the previously constructed superfields. An important 
result obtained in || states that ker( J — J) and ker( J + J) are always integrable. 
This allows us to parametrize these kernels by chiral and twisted-chiral fields resp. 
If we now choose such preferred coordinates we can restate the result by saying that 
the levels where these coordinates are constant yield submanifolds where (J± J) are 
non-degenerate. So whatever is left should then be described by semi-chiral fields. 

For simplicity, we focus on manifolds where ker[J, J] = 0. One would expect those 
to be described by semi-chiral superfields. Let us first determine what the implications 
are of a a-model solely described by semi-chiral fields and where ker[J, J] ^ 0. Given 
an arbitrary vector £, we decompose it as £ = £ +£i where [J, J]£ = and [J, J]£i ^ 
0. Writing the Q components as ( and the Q components as (, one derives from eq. 
( |3.35| ) that £ satisies either 

{P, L}( = -2PM(, {P, L T }( = -2PM(, (4.1) 
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or 

[P, L}( = -2PM(, [P, L T }( = -2PM(. (4.2) 

Using this and the explicit form for the action, eq. (|3.33|) , one shows that the metric 
is degenerate: g(£o,£,') = 0, where £' is an arbitrary vector. Presumably, having 
ker[J, J] 7^ points towards the existence of gauge invariances such as were studied 

mgg. 

From now on we assume that the metric is non-degenerate, and as such that 
ker[J, J] = 0. A necessary and sufficient condition for the latter is 

detWi^O, detA/" 2 ^0, (4.3) 

with 

M = ( K ^ K ^ ) M 2 =( K ^ K & ) (44) 

We turn back to a complex manifold where ker[J, J] = 0. A necessary condition 
for a description of such a manifold in terms of semi-chiral fields is that its (real) 
dimension is a multiple of 4. Let us give a local argument why this is true. Consider 
the following problem: given a 2n x 2n matrix J + , such that J\ = —1. We choose 
the canonical form for it: 

j +=«(i < 4 ' 5 > 

Consider now a second 2n x 2n matrix J_, such that the standard (flat) metric is 
hermitean. Its most general form is given by 

J-=[ b* A* ^ ' With A] = ~ A BT = ~ B - (4 ' 6) 



We define C as 



n r r r i ( 2iB \ .. 
C = [J + ,J-]=[_ 2 . B . j, (4-7) 

and assume that kerC = 0, or in other words detC ^ 0. One computes, 

detC = (-l) n 4 n |det5| 2 . (4.8) 

As C is anti-hermitean, it has imaginary eigenvalues. Furhermore from the form of C, 
eq. ( |4.7p , one easily gets that if A is an eigenvalue, then so is —A. Combining all of 
this yields detC > 0. Comparing this to eq. (|4.8|) , requires n to be even. 

Having established that the dimension of our manifold is a multiple of 4, we will 
now put J in its standard form 

J = i(l _°A («) 
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The constancy of J implies 



1 -c/3 


= 0, 


— a/37 


= 2T Q 


— a/37 




T 

- 1 a/?7 


= 0. 



i' 

(4.10) 

The vanishing of the Nijenhuis tensor for J imposes no further restrictions. From eq. 
( |4.10| ), one obtains that locally, the metric and the torsion can be expressed in terms 
of a vector potential k: 

T a py = ~(k a ,p - k/3,a),j, (4.11) 

and the complex conjugates of these expressions. The vectorfield k a is determined 
modulo 

ka — k a 

+ fa+ig,a, (4.12) 

where f a s = and g is a real scalar function. 

We now analyze the consequences for J. As [J, J] is non-degenerate, we can 
parametrize J as 

and a 2 7^ —1. Hermiticity of the metric is satisfied iff. 

b af 3 = -bpa, a a ^ p + a\W a = 0. (4.14) 
The constancy of J gets translated into the following conditions: 

b a(3 ^ = 0. 

T a ^ = --(b^a)^^, (4.15) 

and their complex conjugate. Finally, the vanishing of the Nijenhuis tensor imposes 
further restrictions. Introducing the notation 

x a i3=(b~ 1 {a + i)) , x a p = x* a/3 = ((a-z) _1 &)__, (4.16) 

one concisely writes the Nijenhuis conditions as 

We now want to compare this with what we get from a semi-chiral description. 
The easiest way to obtain the vectors k is to pass to (2, 1) superspace. In general, if 
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one has a N = (2, 1) non- linear cx-model, one gets by combining eqs. ( [2.1Q and ( [4.11 
that it is given in iV = (2, 1) superspace by 

S = ^J d 2 zd 2 0d6 (k a D<p a - k & D<f) & ) , (4.18) 

where <fi are (2, 1) chiral fields: 

D(j) a = -Dcj) a , D(f) a = D<j) a . (4.19) 

Starting now from a potential in terms of semi-chiral fields, we perform the integration 
over 9 and obtain 

S = J d 2 zd 2 6d6 (K a i) a + K~D(jr - K^Dcf) . (4.20) 

The equations of motion for ip imply that a = K a is a chiral (2,1) field. This is 
nothing but a reflection of the fact that the coordinate transformation 



K. 



a 



r^r = r ^^k = (4.21) 

diagonalizes J. Obviously this coordinate transformation is not compatible with the 
original semi-chiral nature of the fields. Integrating over ip in eq. Q4.20|) , we get the 
(2,1) action: 

S = J d 2 zd 2 6d§ [K~P\{K~ l f c {D^ c - K cd D(f) d )j , (4.22) 

from which one reads the vectors k. In terms of the original semi-chiral coordinates, 
they become particularly simple 

k = LPL^PK, k = 2ML~ 1 k, (4.23) 

where 

^(h)- ks (k)- < 4 - 24 > 

So in order to show that a description in terms of semi-chiral fields is possible, one has 
to show that there exists a coordinate system such that the solution to eqs. (|4.14j) , 
QOg ) and (gT7D is given by eq. fl£23p . 



Though we are not able to show this, we focus on the special case where the 
Nijenhuis conditions are trivially satisfied. This requires that the torsion vanishes, 
which, as eq. ( |4.15| ) shows, is so if a in eq. ( 4.13|) vanishes. Combining this with 



{J, J} = and eq. (|2.13|) gives that the manifold is hyper-Kahler. In fact for any 



hyper-Kahler manifold, one has ker[J, J] = 0. Note however that we do know how 
to put a- models on hyper-Kahler manifolds in (2, 2) superspace, after all they are 
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Kahler manifolds and can be described in terms of chiral fields. However this is only 
possible if we choose the left complex structure to be the same as the right one. It 
is clear that on a hyper-Kahler manifold, the left and right complex structure can be 



chosen diferently. Precisely this case is being investigated here. Using eq. ( |3.35| ), one 
shows that the necessary and sufficient conditions for J and J to anti-commute are 
given by: 

L~ X PLP + PL' 1 PL = AL^PML-^MP 

{P, L-^MPL- 1 } = {P, L- X PML~ XT } = 0. (4.25) 

Restricting ourselves to d — 4, we find that the two latter eqs. are trivially satisfied 
while the former becomes: 

\K (f>v \ 2 + \K <l>fj \ 2 = 2K vfl K^. (4.26) 

It is known that a 4-dimensional Kahler manifold is hyper-Kahler iff. the Kahler po- 
tential satisfies the Monge- Ampere equation. So a concrete way to test our hypothesis 
would be to show that there is a coordinate system where eq. (|4.26| ) is equivalent 
to the Monge- Ampere equation. In ||11|| , we checked explicitely that a non-trivial 



class of hyper-Kahler manifolds, the special hyper-Kahler manifolds |T2| , allows for a 



semi-chiral parametrization. If it turns out to be true that all hyper-Kahler manifolds 
can be described with semi-chiral coordinates, then this would provide a non-trivial 
result: not only the metric can be computed from the semi-chiral potential but all 
three complex structures as well! 

To end this section, we answer the question whether for hyper-Kahler manifolds, 
the Kahler and the semi-chiral potential are identical. An easy manifold to verify this 
is flat 4n-dimensional space. The Kahler potential is given by 



K Kahler = J2(x l x i + v¥), (4.27) 
i=i 

and labeling rows and columns as x, x, v, v we have the complex structures: 

£). '=(° 7)- < 4 - 28 > 

A coordinate transformation which brings us to the semi-chiral parametrization is 

x l — > <p l = x\ x % — > <p l = x l 
v * 77* = x* + v\ v i ^ff = x i + v\ (4.29) 

and labeling rows and columns as <ft, <ft, rj and f) we get the complex structures in 
semi-chiral coordinates: 

j=( ^ V j=(t s ~° 2 X ( 4 - 3 °) 
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Comparing the complex structures and metric to the general expressions yields the 
potential: 

n 

K semi oc £(20^ + rfff - 20V - 2^rf). (4.31) 

i=l 

Taking into account that the Kahler potential is only defined modulo a Kahler trans- 
formation and the semi-chiral potential has an ambiguity expressed in eq. (|3.31| ), one 
verifies that both potential are not equivalent. 

5. Examples 

Supersymmetric Wess-Zumino-Witten models on even dimensional groupmani- 
folds are interesting examples of (2, 2) supersymmetric non-linear a-models. They 
are conformally invariant, they have a large number of isometries and they are tor- 
sionful. We can write J = L^jL and J = R~ x jR where L and R are the left, right 
resp., invariant vielbeins. The (constant) complex structures j and j act on the Lie 
algebra. 

In 0, the integrability conditions for a complex structure on a semi-simple Lie 
algebra were solved. The action of the complex structure is almost completely deter- 
mined by a Cartan decomposition: the complex structure has eigenvalue +i (— i resp.) 
on generators corresponding with positive (negative resp.) roots. The only freedom 
left is the action of the complex structure on the Cartan subalgebra. Except for the 
requirement that the structure maps the CSA bijectively to itself, no further condi- 
tions have to be imposed. As any two Cartan decompositions are related through 
an inner automorphism, we can state that the complex structure on a Lie algebra is 
uniquely determined except for its action on the CSA which is left invariant by the 
complex structure. 

However the resulting left and right complex structures on the group do not nec- 
essarily commute. In fact, in it was shown that only on SU(2) x U(l) a choice for 
j and j can be made such that [J, J] = 0. There a description in terms of a chiral 
and a twisted chiral field is possible. 

In the next we give 3 examples of (2, 2) WZW models in superspace: the SU(2) x 
U(l) model in terms of a chiral and a twisted chiral field, making a different choice for 
the complex structures we obtain the same model but now in terms of a semi-chiral 
multiplet and finally SU(2) x SU(2) as an example of a model having both a chiral 
and a semi-chiral multiplet. 

5.1. The SU(2) xU(l) WZW model in terms of a chiral and a twisted chiral multiplet 
We give a brief summary of the results of ||. There it was shown that for a particular 
choice of the complex structures one could formulate the model in terms of a chiral 
0, an anti-chiral 0, a twisted chiral x an d a twisted anti-chiral x superfield. A group 
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element is written as 



e ie ( X $ 



(5.i; 



,|2 + | x |2 y ~<p X J 

with 

6 = - 1 -\n(\<j ) f + \x\ 2 ). (5.2) 
The potential is then given by 

Ixl 2 

K = -J w ^ln(l + C) + i(ln(00)) 2 . (5.3) 

In order to achieve this one has to make a different choice for the left and the right 
complex structures on the Lie algebra. The only difference resides in its action on the 
CSA: there it differs by a sign. 

5.2. The SU(2) x U(l) WZW model in terms of a semi-chiral multiplet 

In an implicit description of the SU(2) x U(l) WZW model was given but now 

in terms of a semi-chiral multiplet. Here we give the explicit description of the model 

using one semi-chiral multiplet. For this we now choose the complex structures on 

the Lie algebra to be equal. 

We parametrize SU(2) x U(l) by: 

g = e ¥^ e ^ a2 e^ R(73 e^ xao , (5.4) 

with (Xj (i — 1, 2, 3) the Pauli matrices en <To the 2x2 unit matrix. We now introduce 
a semi-chiral multiplet parametrized by 0, 0, r] and fj. These fields are related to the 
previously introduced coordinates by 

<f> = Zi, i] = z 1 -z 2 , 4> = z u fj = zi-z 2 , (5.5) 

where, 

z 1 = i x -2ilncos(/2 + 6 L + 6 R , 

Z2 = -ix + 2i^sm(/2 + 6 L -6 R , (5.6) 

and Zi, z 2 are given by the complex conjugate of these. The inverse transformations 
are, 

C, = 2 arctan(exp —-(z 1 — Zi + z 2 — z 2 )), 
L = ^1 + ^1 + ^2 + ^2), 
Or = ^{zi + zi - z 2 - z 2 ), 

X = -ln(exp-(;zi - z x ) +exp- (-z 2 + z 2 ) )■ (5.7) 
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Ordening the coordinates as (0, 0, 77,77), one computes the complex structures: 



J = i 



J = i 



( 1 





00^ 









-1 












-2 


1 






V 2 





-1 J 






( - l 










2 sin 2 C/2 \ 





1 


-2 sin 2 C/2 











-1 







V 










1 / 



The potential can be calculated and this gives the following simple expression involv- 
ing a dilogarithm, 

fj— v % 

dx ln(l + exp-x). (5.10) 



K = -00 + 07? + 



5.3. The SU(2) x SU(2) WZW model 

As a last example we consider the SU(2) x SU(2) WZW model, which has not 
been put in superspace yet. Each SU{2) factor gets parametrized using Eulerangles, 
gj = e^ 0Li<T3 e^ CT2 ei 9Rj °~ s , with j £ {1,2}. Again we choose the left and right complex 
structures on the Lie algebra to be equal. The final coordinates are the semi-chiral 
multiplet (0,0,77,77) and the chiral multiplet {(,()■ We introduce auxiliary coordi- 
nates Xi, i G {1, • • - 6}, related to the original ones by 

xi = 2 In sin y - 9 L2 + 9 R2 , 
x 2 = 9 L1 , x 3 = 9ri, 

02 

x 4 = 21nsiny - 9 m + 9 L1 , 

x$ = 0l2, Xq = 9 R2 , (5.11) 



with inverse given by 



01 = 2 arcsinexp(-(a;i + x 5 — x e )), 

02 = 2 arcsinexp(-(a;4 + x 3 — x 2 )). (5-12) 



The final coordinates are related to these by 
C = —ixi + x 4 , 



= y + -ln(l - exp-(xi + x 5 - x 6 )), 
V = y + ^ ln (! -exp-(rr 3 + x 4 - x 2 )), 



(5.13) 
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with (, and r] given by the complex conjugate of these expressions. The inverse 
transformations are 



Xi 
X A 

x 3 



(C-C), 



= o(C + C), 



X 2 = + 0, 

x 6 = r) + fj, 



-^(C-O+V + V- ln(l - exp(2*(0 - 0))), 
- l(C + C) + + - - exp(2^ - 77))). 



Ordering the coordinates as (0, 0, r], r], £), we get the complex structures in a rec- 
ognizable form, where a\ = \ sec 2 0i/2 and 0:2 = ^ 



1 sec 2 02 /2 : 



J b = 



J 



( 


i 











\ 











-i 



















1/cxi i 





1 

2 










1/ai 
























% 






















—i 


/ 






( 


-i 





-1/0:2 


i/2 











i 


-l/a 2 










i/2 









—i 























% 























i 









\ 
















— i 


) 



(5.14) 



(5.15) 



Comparing the structures and the action with the general expressions, we get second 
order differential equations which can be solved for the potential, which again gets 
expressed in terms of dilogarithmic integrals: 



K = -CC + C0 + C0 + ivC - ivC + ^0 - ^0 

—i / dy ln(l — expiy) — i I dy ln(l — expiy), 

where we performed a trivial rescaling of the fields by a factor 2. 



(5.16) 



6. Conclusions 

We showed that chiral, twisted chiral and semi-chiral superfields provide the exhaus- 
tive list of (2, 2) superfields. A very interesting question is whether this is sufficient to 
describe any iV = (2, 2) non-linear a-model. We provided several pieces of evidence 
for an affirmative answer to this question. An important clue is the commutator of the 
left and right complex structures. One can show that ker[J, J] = ker( J— J)©ker( J+ J) 
can always be integrated to chiral and twisted chiral superfields resp. 

Remains the subspace where the commutator is non-degenerate. This should 
then be integrable to semi-chiral fields. The requirement that the metric of the 
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resulting a-model is non-degenerate imposes that ker[J, J] = in the semi-chiral 
directions. Furthermore one has that one semi-chiral multiplet corresponds to four 
real dimensions. We showed that the dimension of the subspace of a complex manifold 
where the commutator is non-degenerate is indeed a multiple of four. We obtained 
explicitely the conditions on the complex manifold with ker[J, J] = 0, under which 
the cx-model can be described by semi-chiral superfields. It remains to be shown that 
all such manifolds indeed satisfy these conditions. We pointed out a particularly 
interesting and simple subcase where this hypothesis can be tested: 4 dimensional 
hyper-Kahler manifolds, where one makes a different choice for the left and the right 
complex structures. A necessary and sufficient condition for a 4 dimensional Kahler 
manifold to be hyper-Kahler, is that the Kahler potential satisfies the Monge- Ampere 
equation. We derived the condition on the semi-chiral potential which guarantees it 
to be hyper-Kahler. It turns out to be similar to the Monge-Ampere equation. If 
hyper-Kahler manifolds can indeed be described by semi-chiral coordinates, then one 
has a potential, different from the Kahler potential, which does not only allow for the 
computation of the metric but of the three fundamental two-forms as well. 

If all o"-models can indeed be described by (2, 2) superfields, then all N = (2, 2) 
manifolds are locally charactarized by a scalar potential. Besides the mathematically 
very intriguing implication that the geometry of a large class of complex manifolds is 
locally determined by a single potential, this opens interesting physics perspectives 
as well. In particular, it would allow the systematic study of (2,2), (2,1) and (2,0) 
strings. Up to now, the only N = 2 strings studied are those described solely by 
chiral fields fl4| and those described by chiral and twisted chiral fields ||15|| . The 
geometry of iV = 2 strings with semi-chiral fields is presently being investigated. An 
interesting question which arises in this context, in particular for those manifolds, e.g. 
the hyper-Kahler ones, which allow for different choices for the left and right complex 
structures, is in how far the geometry of an N = 2 string depends on the choice of 
the complex structures. Such a study would be relevant for the recent proposals in 
T~3f| relating the D = 11 membrane to the type IIB stringtheory. 

Another point which certainly deserves further attention is a systematic study of 
T-duality, such as was done in for chiral and twisted chiral fields, which includes 
semi-chiral fields. 
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A. Appendix 

In this appendix we investigate the various integrability conditions which appeared 
in section 3 of this paper, see also |16| . From two given (1, 1) tensors R and S, we 
can construct a (1,2) tensor N[A, B], the Nijenhuis tensor: 

N[R, S](U, V) = - ([RU, SV) - R[U, SV] - S[RU, V] + RS[U, V] + R^S). (A.l) 

For 3 (1, 1) tensors R, S and T, one can verify by direct computation the following 
identity discovered by Frochlicher and Nijenhuis: 

T[R, S,T\(U, V) = N[R, ST}(U, V) + N[S,RT]{U, V) - RN[S,T](U, V) - 

S N[R, T](U, V) — N[R, S](TU, V) — N[R, S](U, TV) = 0. (A.2) 

If we have two commuting (1,1) tensors R and 5", we can construct another (1,2) 
tensor: 

M[R, S](U, V) = [RU, SV] - R[U, SV] - S[RU, V] + RS[U, V}. (A.3) 

In particular we get that 

N[R, S](U, V)= l - (M[R, S](U, V) + M[S, R](U, V)) . (A.4) 

Given three mutually commuting (1, 1) tensors R, S and T, one obtains through 
direct computation the identity 

U[R, S, T] (U, V) = M[R, ST] (U, V) - S M[R, T] (U, V) - M[R, S] (U, TV) = 0. (A.5) 

We now prove the following lemma: 

Lemma 1 : Given J and J, two complex structures which commute, [J, J] = 0, then 
N[J,J}(U,V) = N[J,J}(U,V) = imply that N[U,U}(U,V) = N[Tl,J](U,V) = 
N[U, J](U, V) = N[J, J}(U, V) = with II = J J. 

Using the definition of the Nijenhuis tensor, one gets 

N[J, J](UU, V) + N[J, J}(U, nV) + TIN[J, J}(U, V) - 

un[j, J] (lie/, uv) = njv[n, u](u, v) - n\j, j](u, v). (a.6) 

Using N[J, J}(U, V) = N[J, J}(U, V) = 0, we get from this: 

UN[U, U](U, V) = N[J, J](U, V). (A.7) 

From now on we continously use [J, J] = and N[J, J]{U, V) = N[J, J](U, V) = 0. 
From T[J, J, U}{U, V) = 0, we get 

N[J, U)(U, V) = JN[J, J)(U, V), (A.8) 
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and from T[J, J, U](U, V) = 0, 



N[J,U]{U,V) = JN[J, J){U,V). (A.9) 

Using this in T[J, J, J]{U, V) = yields, 

N[J, J](JU, V) + N[J, J](U, JV) = 0. (A. 10) 

Using eqs. O and ( |OcD in T[J, U, J](U, V) = 0, gives 

N[J,J\(U,V) = Q. (A. 11) 

Combining this with eqs. (|A.7| - |A.9l) shows that also all other Nijenhuistensors van- 
ish. Which proves the lemma. As the complex structures commute, this results in 
additional (1,2) tensors which can be constructed out of J and J: M[J, J](U, V), 
M[I1, J](U, V) and M[U, J}{U, V). We now prove an additional lemma: 



Lemma 2 : For J and J two commuting complex structures, we have that N[J, J]{U, V) 
= N[J, J}(U, V)=0 imply the vanishing of the tensors M[J, J](U, V), M[n, J](U, V) 
and M[U,J](U,V). 



We use throughout the previous lemma. From U(J, J, J) = we get 

M[J,IS\(U,V) =JM[J, J](U,V), 

U(J, J, J) = implies 

M[J, U](U, V) = M[J, J](U, JV), 
and from U(J, J, J) = we obtain: 

M[J, J](U, JV) = -JM[J, J](U, V). 
Using eq. ( |A.14j ) in eq. ( |A. 13| ) yields 

M[J, Tl}(U, V) = -JM[J, J](U, V) 



(A.12) 



(A.13) 



(A.14) 



(A.15) 



Comparing this with eq. (|A~T^ ) gives M[J,U](U,V) = M[J, J)(U, V) = 0. Finally, 
using this result in U(J,J,J) = results in the vanishing of M[J,H](U,V), which 
proves the lemma. 
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